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Mixed H2/H 1 Method Suitable
for Gain Scheduled Aircraft Control

Shyh-Pyng Shue,¤ M. E. Sawan,† and Kamran Rokhsaz‡
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The formulationsof mixed H2/H1 gain scheduling control of aircraft in longitudinalmotion are developed. The
coef� cients of a linear model of aircraft are estimated from the aircraft geometry. Based on � ight Mach number,
gain scheduling is applied with the mixed H2/H1 . It is shown that the state equation of aircraft can be mathemat-
ically simpli� ed to the standard mixed H2 /H 1 problem. The advantage of decoupling the aircraft system based
on phugoid (slow) and short period (fast) modes is to allow the slow model with its disturbance to be controlled
by the H2 method, whereas the fast system with the fast disturbance is to be stabilized by the H 1 technique. A
comparison of this method with the standard H1 control is made using aircraft coef� cients derived for a large
commercial airplane. It is shown that the current method will provide better performance for the given aircraft
while the condition on the disturbance attenuation is also satis� ed. The actual model controlled by the estimated
controller and by the real controller is also discussed. It is shown that the estimated controller performs as well as
the controller derived from the actual model.

Nomenclature
A = state matrix of the aircraft system
B = control matrix
bw , bH = span of wing and horizontal tail
CD0 = drag coef� cient on zero angle of attack (AOA)
CDq , CDu , = variation of drag coef� cient with
CD a , CD Pa respect to (w.r.t.) q , u, a , Pa
CL0 = lift coef� cient at zero AOA
CLq , CLu , = variation of lift coef� cient w.r.t. q, u, a , Pa
CL a , CL Pa
Cm0 = pitching moment coef� cient for zero AOA
Cmq , Cmu , = variation of pitching moment coef� cient
Cm a , Cm Pa w.r.t. q, u, a , Pa
Cw , CH = chord of wing and horizontal tail
C1 , C2, C3 = output matrices
D13, D23 , D31 = control matrices in the output
d1 = type of noise, [ug qg a g ]
d2 = output noise
e = Oswald ef� ciency factor
G1 , G2 = exogenous input matrix
g = acceleration of gravity
H1 , J1 = Riccati domains for the H1 method
Iyy = moment of inertia about the Y axis
I2 = identity matrix (2 £ 2)
i, j, l , n = integer
J = performance index
Ks , K f = control gain before computing composite

control
L s , L f = � lter gains
Ms , M f = control gains for composite control
Mq , Mu , M a , = dimensional variation of pitching moment
M Pa , M d e , M h w.r.t. q, u, a , Pa , d e, h
M1 = Mach number
Ps , Qs = Riccati solution for the slow mode
q = pitch rate
qg = disturbance in pitch rate
Oq = dynamic pressure
R2 , R3 = weight matrices
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Tz2d2 = transfer function from d2 to z2

U0 = steady-state airspeed
u = horizontal velocity
ug = disturbance in the horizontal velocity
VH = SH / Sw

Vs = intensity of slow gust
Vu = intensity of gust of the horizontal velocity
W = weight of aircraft
w = system disturbance
X cg, Xacw

, XacH = locations of c.g. and A.C. w.r.t. wing and
tail, respectively; dimensional variation of
horizontal force w.r.t. u, a , h , and q ,
respectively

X1, Y1 = Riccati solutions for the H1 method
x = system state vector, [u h a q]T

x0 = initial condition of the system response
y = measurement output
Zq , Z a , = dimensional variation of vertical
Z d e , Z h force w.r.t. q, a , d e , h
z1, z2 = performance output
a = AOA
b =

p
(1 ¡ M2

1)
c = � ight climb angle
c 0 = steady-state climb angle
c ¤ = minimum value of the disturbance attenuation
d e = control input (elevator)
e = singular value
³ = estimated fast state
g H = dynamic pressure ratio at the horizontal tail,

OqH / Oqw

h = pitch angle
j = ratio of actual lift curve slope to 2p
K = sweep angle
k = taper ratio
k s , k f , k c, k o = eigenvalues of the slow and fast modes and

closed-loop and open-loop systems
N = 1 ¡ (Z Pa / U0)
» = estimated slow state
t = fast mode time scale

Subscripts

f = fast mode
g = coef� cient for gust
r = coef� cient for the real model
s = slow mode
y, z = output
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I. Introduction

O PTIMAL controlmethodshavebeen studiedextensivelysince
the matrix differentialRiccati equation was found for the op-

timal control system in Ref. 1. Thereafter, the Kalman � lter theory
was well developed.2 Combining both methods applies to systems
having the full state vector available with active noise, which is as-
sumed to be white, zero mean, and Gaussian.This method is known
as the linear quadratic Gaussian (LQG) method, also named the H2

method.3,4 In this technique, a quadratic performance index is min-
imized to � nd the associated optimal controller. The LQG method
provides excellent performance because the error between the state
vector and the estimated state variable is always asymptoticallysta-
ble, while minimizing a quadratic energy function.3

The formulation of the H1 method for the stochastic linear sys-
tem appeared in the early 1980s.5 One of the � rst texts6 related to
the H1 method was published in 1987. The H1 method using state
feedback was further developed in Refs. 7 and 8. In these two pa-
pers, the H1 control of a stochastic system using state feedback is
shown to require satisfying an algebraic Riccati equation. The H1
methodusingoutput feedbackwas presented in Ref. 9, in which two
Riccati equations were developed and the necessary conditions for
robustness were also speci� ed.

In the H1 method, three types of noise are considered: the com-
mand error, the system disturbance, and the output error. All three
disturbances are considered as the exogenous inputs. As long as
the Euclidean norm of the transfer function from the performance
output to the system disturbance, denoted as kTzwk, is minimized,
the system is stabilized and will be robustly controlled.6 The mini-
mum value of this norm results in the closed-loop poles being very
close to the imaginary axis. Using the minimum value will result
in sacri� cing the performance in favor of robustness. The mixed
H2/ H1 method helps to alleviate this problem. Several of the most
important works in this area are in Refs. 10–12. In Ref. 11, it is
shown that the stochastic system can be robustly controlled by the
H2/ H1 performanceeven if the different typesof noise are causally
dependent. Reference 12 showed that a system of this type can be
optimally controlledby the mixed H2/ H1 controller.Based on this,
H2 , H1 , and mixed H2/ H1 controllers have been extensively ap-
plied to aircraft control.13¡16

Gain schedulingcontrolof an aircraft is necessarybecausetheair-
craft stability can vary signi� cantly dependingon the � ight regime.
The stability and control derivatives of an aircraft are strongly af-
fected by the airspeed, air density, location of the center of gravity,
etc. In addition, gust standard deviation is also dependent on alti-
tude. References 17–20 contain examples of gain scheduling and
H1 optimal control of aircraft and missiles. Usually, such gain
scheduling is made dependent on the airspeed. A small range of
altitudes is assumed so that the changes of the coef� cients of air-
craft are bounded.This allows the systemto be controlledby the H1
optimal gain scheduling controller. Furthermore, an aircraft model
has been shown to be a singularly perturbed system both in longi-
tudinal and lateral motions.21 The disturbances in the state equation
of an aircraft model can be classi� ed as fast and slow disturbances,
if the model is separated into two subsystemsusing the phugoidand
short period modes. Consequently, the aircraft can be controlledby
a composite controller using the H1 method.22 The H1 optimal
control for singularly perturbed systems can be achieved in two sit-
uations: one is called the perfect state measurement,23 and the other
is called the imperfect state measurement.24 Reducing the aircraft
system to two subsystems allows the design to be focused on each
of the reduced subsystems. In this fashion, the system will have two
penaltyperformances,one for each subsystem.This allows the slow
mode and fast mode to be controlled separately.Because of this ar-
rangement, the system performance is improved substantially, and
the disturbance attenuation of the system for the H1 norm is also
satis� ed.

For a � xed altitude and c.g. location, the coef� cients of the lin-
ear aircraft depend on the geometry and Mach number. For sub-
sonic Mach number, i.e., less than 0.75, these coef� cients can be
estimated using the expressions given in Ref. 25. The differences
between the estimated and the actual model constitute the bounded
uncertainties built into the H1 controller. Therefore, the estimated

controller computed by the mixed H2/ H1 method can replace that
based on the aircraft system without any degradation in perfor-
mance.

Concepts from all of the cited methods, which are the H2 , H1,
mixed H2/ H1, singular perturbation, gain scheduling, and esti-
mated aircraft coef� cient, will be used for designing the mixed
H2/ H1 gain scheduling composite controller for an aircraft lon-
gitudinal motion. The linear model used will be based on the esti-
mated aircraft coef� cients. It will be shown that the slow phugoid
mode and the fast short period mode will be controlled by the H2

and the H1 techniques, respectively. Unlike the standard H2/ H1
problem, the current method creates a mixed controller result-
ing in better performance while satisfying the disturbance con-
dition. The gain scheduling employed here is based on Mach
number.

The linear model of a large commercial airplane26 is employed to
illustrate the theory. Also at discrete Mach numbers, comparisons
are provided with the pure H1 method and with the controller from
the actual model.

II. Problem Statement
Consider the longitudinal motion of an aircraft linear model as

follows27:

Ph D q, Pq D QMuu C QM a a C QMqq C QM h h C QM d e d e

Pu D Xuu C X a a ¡ g cos c 0 h C X d e d e (1)

Pa D Z ¤
u u C Z ¤

a a C Z ¤
qq C Z ¤

d e
d e

where

QMu D (Mu C M Pw Zu ), QM a D (Mw C M Pw Zw)U0

QMq D (Mq C U0 M Pw), QM h D ¡gM Pw sin c 0

QM d e D M d e C M Pw Z d e , Z ¤
h D ¡

g sin c 0

N

Z ¤
q D

Zq C U0

N
, Z ¤

u D
Zu

U0
, Z¤

a D Z a U0

Z ¤
d e

D
Z d e

U0
, N D 1 ¡

Z Pa

U0

From Refs. 26–28, the effect of gusts on the longitudinalmotion of
the aircraft can be given as follows:

u D u C ug , q D q C qg , a D a C a g (2)

Note that the disturbances in the pitch angle is indirectly computed
from the pitch rate. From Ref. 27, the performance output variable
of interest is

Z1 D az1 D (Zu ¡ lx
QMu )u C (Zw ¡ lx

QMw)U0 a

¡ lx
QMq q C Z d e ¡ lx

QM d e d e (3)

The measured output is

y D c D h ¡ a C d2 (4)

In this case, the disturbanced1 D [ug qg a g]T and the output noise
d2 are independent. Knowing that the phugoid mode is predomi-
nantly oscillatory in u and h , while the short period mode is com-
posed of variation in q and a , Eqs. (1–4) can be arranged as

Px D Ax C B1d1 C B2 d e , z1 D C1x C D11d1 C D12 d e

(5)
y D C2x C D21d2 C D22 d e
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with

A D

2

6664

Xu ¡g cos c 0 X a / U0 0

0 0 0 1

Z ¤
u Z ¤

h Z ¤
a Z ¤

q

QMu
QM h

QM a
QMq

3

7775
(6)

B1 D

2

6664

Xu X a / U0 0

0 0 1

Z ¤
u Z ¤

a Z ¤
q

QMu
QM a

QMq

3

7775
, B2 D

2

6664

X d e

0

Z¤
d e

QM d e

3

7775
(7)

C1 D [(Zu ¡ lx
QMu ) 0 (Zw ¡ lx

QMw) ¡ lx
QMq ]

(8)
C2 D [0 1 ¡1 0]

D12 D Z d e ¡ lx
QM d e , D21 D 1 (9)

Note that D11 and D22 are zeros here. This implies that the assump-
tions of the standard H2/ H1 problem in Ref. 9 are reasonable.
Furthermore, DT

12 D12 and D21 DT
21 are nonsingular. Therefore, the

transfer function of the system can be written as

G(s) D

2

4
A B1 B2

C1 0 D12

C2 D21 0

3

5 (10)

Note that the form of this transfer function is very close to that
of Ref. 9. Therefore, the following assumptions are needed for the
system to result in a feasible solution: 1) (A, B1) and (A, B2) are
stabilizable, 2) ( A, C1) and ( A, C2) are detectable, 3) DT

12 D12 D
R1 > 0, and 4) DT

21 D21 D R2 > 0.

III. Methodology
In this section, the aircraft system is decoupledusing the phugoid

and short period modes. The H2 method is applied for controlling
the phugoidsystem with the disturbanceug , and the H1 techniqueis
used for stabilizing the short period model with the disturbancesqg

and a g . The composite controlleris computed from these two gains.
Note that because of large differencesbetween the two modes, nei-
ther the standard H1 nor the standard mixed H2/ H1 can control
the systemwith reasonableperformance.However, the arrangement
results in better performance because a performance index is mini-
mized while satisfying the disturbanceattenuation.

A. Singular Perturbation Method
From the aircraftmodel shown in Eq. (5), the followingsingularly

perturbed system can be established:

Px1 D A11x1 C A12x2 C B11w C B21 d e

e Px2 D A21x1 C A22x2 C B12w C B22 d e (11)

z1 D C11x1 C C12x2 C D12 d e , y D C21xs C C22x2 C D21d

where x1 D [u, h ], x2 D [a , q], and e is a small positive parameter
calculated from the slow and fast eigenvalues de� ned as follows:

e D
i i

n D 1
k sn

j j
l D 1 k fl

(12)

The method of computing the singularvalue e is useful for any sys-
tems having eigenvalues that are different by orders of magnitude.
Contrary to Ref. 22, this method can be used even for a system with
pure real eigenvalues for the fast mode. Note that the coef� cient
matrices of Eq. (11) now become

A11 D
Xu ¡g cos c 0

0 0
, A12 D

X a / U0 0

0 1
(13)

A21 D e
Z¤

u Z¤
h

QMu
QM h

, A22 D e
Z¤

a Z ¤
q

QM a
QMq

(14)

B11 D Xu X a / U0 0
0 0 1

, B12 D e
Z ¤

u Z ¤
a Z ¤

q

QMu
QM a

QMq

(15)

B21 D
X d e

0
, B22 D e

Z ¤
d e

QM d e

(16)

C11 D [(Zu ¡ lx
QMu) 0], C12 D [(Zw ¡ lx

QMw) ¡lx
QMq ]
(17)

C21 D [0 1] , C22 D [1 0]

Note that D12 and D21 are unchanged.

B. Mixed H2 /H1 Composite Controller
1. H2 Method for the Slow Mode

To obtain the slow mode, setting e D 0, x2 can be determined
(denoted as x2s ) as follows:

x2s D ¡A¡1
22 A21xs C B12ws C B22 d es (18)

The slow subsystem can be obtained by substituting Eq. (18) back
into Eq. (11) as follows:

Gs (s) D

8
<Pxs D A0xs C G0ws C B0 d es

zs D Cs xs C Ds d es

ys D C0xs C D0ds C E0ws

(19)

where

A0 D A11 ¡ A12 A¡1
22 A21, B0 D B21 ¡ A12 A¡1

22 B22
(20)

G0 D B11 ¡ A12 A¡1
22 B12

Cs D C11 ¡ C12 A¡1
22 A21 , Ds D D12 ¡ C12 A¡1

22 B22 (21)

C0 D C21 ¡ C22 A¡1
22 A21, D0 D D21 ¡ C22 A¡1

22 B21
(22)

E0 D ¡C22 A¡1
22 B21

Note that the slowsubsystemmay contain a noise term in the control
output zs and a control input term in the measured output ys . As in
Ref. 29, these terms are assumed to be zero. In addition, the slow
� lter is shown as follows:

H (s) D P» D A0» C B0 d es C L s( ys ¡ C0») (23)

where L s is the � lter gain. The objective of this method is to control
the slow mode by the H2 method by minimizing the following cost
function:

Js D E
1
2

Z 1

0

xT
s C T

s Cs xs C d T
es

DT
s Ds d es dt (24)

where E [ ] denotes the expected value of the interpolated function.
Note that DT

s Ds is invertible and positive. The optimal controller
can be found based on the given cost function as

d es D ¡Ks» D ¡ DT
s Ds

¡1
BT

0 Ps » (25)

where Ps is the solution of the following algebraic Riccati:

AT
0 Ps C Ps A0 C C T

s Cs ¡ Ps B0 DT
s Ds

¡1
BT

0 Ps D 0 (26)

The estimated slow state n is computed from the slow � lter design
(23), which dependson the intensityof the disturbance.Assume that
the intensity of the original state disturbance can also be separated
into a slow and a fast mode. This assumption results in

Vs D Vu (27)

The noise densities of the slow mode for the measured output is
assumed to be given by the identity matrix.
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The slow Kalman � lter design is used to � nd a Kalman � lter gain
L s , such that the following Kalman observer is always stable:

P» D A0» C B0 d es C L s( ys ¡ C0») (28)

where

L s D QsC
T
0 C G0 ET

0 (VI )
¡1 (29)

Note that Qs is the solution of the following Riccati equation:

A0 Qs C Qs AT
0 C Vu ¡ QsC

T
0 V ¡1

I C0 Qs D 0 (30)

2. H1 Technique for the Fast Mode
Setting x f D x2 ¡ x2s , d e f D d e ¡ d es , w f D w ¡ ws , and y f D

y ¡ ys , then the fast mode can be obtained as

G f (s) D

8
< e Px f D A22x f C B12w f C B22 d e f

z f D C f x f C D f d e f

y f D Cy x f C Dy d

(31)

Here the fast mode time derivative is with respect to t D t 0 ¡ t / e
where t 0 varies at the same rate as t / e . Note that t is consideredto be
frozen for the fast mode. The H1 � lter for the fast mode is designed
as

F(s) D P³ D A22³ C B22 d e f C L f ( y f ¡ C y³) (32)

where L f is the H1 � lter gain.
The disturbance attenuation c ¤ of the H1 control for the fast

mode is prescribedand is computed from the full model. To ensure
the controlled system is stable, the value of c ¤ is chosen very con-
servatively, making the controller suboptimal. Using this value, the
Riccati solutions for the fast mode are associatedwith the following
Hamiltonian matrices: X1 2 dom(H1), where

H1 D

"
A22 c ¤¡2

B12 DT
f D f

¡1
BT

12 ¡ B22 DT
f D f

¡1
BT

22

¡C T
f C f ¡AT

22

#

(33)
and Y1 2 dom(J1), where

J1 D AT
22 c ¤¡2

CT
f Dy DT

y

¡1
C f ¡ C T

y Dy DT
y

¡1
C y

¡B12 BT
12 ¡A22

(34)

The Riccati equations corresponding to the preceding two Hamil-
tonian matrices are described as follows:

X1 A22 C AT
22 X1 C C T

f C f C X1

£ c ¡2 B12 DT
f D f

¡1
BT

12 ¡ B22 DT
f D f

¡1
BT

22 X1 D 0 (35)

Y1 AT
22 C A22Y1 C B12 BT

12 C Y1

£ c ¡2C T
f Dy DT

y

¡1
C f ¡ C T

y Dy DT
y

¡1
C y Y1 D 0 (36)

Note that c ¤ must be selected to satisfy the following constraint:

q (X1Y1) < c ¤2
(37)

Therefore, the H1 controller and the exogenous input for the fast
mode are

d e f D ¡K f ³ D ¡ DT
f D f

¡1
BT

22 X1³
(38)

w f D ¡ DT
f D f

¡1
BT

12 X1³

where the estimated state ³ for the fast system is calculated from
the H1 � lter described in Eq. (32). Furthermore, the H1 � lter gain
of Eq. (32) is

L f D ¡Z1Y1CT
y Dy DT

y

¡1
(39)

where

Z1 D I ¡ c ¤¡2
X1Y1

¡1
(40)

Fig. 1 Block diagram for the mixed H2 /H 1 composite controller.

3. Composite Controller
Because the preceding formulation is for the two independent

subsystems, it is necessary to combine both controllers as follows:

d e D d es C d e f D ¡Ks» ¡ K f ³ (41)

From Ref. 30, the composite controller is

d e D Msxs C M f x f (42)

where

Ms D ¡ I2 ¡ K f A¡1
22 B22 Ks ¡ K f A¡1

22 A21 (43)

M f D ¡K f (44)

The control diagramfor the composite controller is shown in Fig. 1.

C. Gain Scheduling Based on Mach Number
The equations used for estimating the aerodynamic coef� cients

and derivativesof the aircraft are given in the Appendix.The values
of these parameters change with Mach number, changing the con-
trol gains. Only subsonic � ight is considered, and the Mach num-
bers are varied from M1 D 0.45 to 0.75. These � ight conditions
are assumed to be steady state and are used for gain scheduling.As
shown in Ref. 26, the aerodynamiccoef� cientsof the aircraftchange
slightly in this range of Mach numbers. Altitude is assumed to be
constant, and only longitudinal motion is considered. Therefore,
the linear model of the aircraft is assumed to depend only on Mach
number. Consequently,every coef� cient in Eqs. (9) and (31) varies
with Mach number. This results in variations in the controller gains
Ks and K f and, therefore, implicit dependence of the controller
d e on � ight Mach number. Furthermore, inasmuch as the aerody-
namic coef� cients change slightly in the subsonic � ight regime, the
uncertainties in the system coef� cients remain bounded. Note that
determination of the controller is independentof the real system as
long as Mach number is known. Recall that the H1 method allows
for three types of noise: the command error, the system disturbance,
and the measurementoutput error. The bounded uncertaintiesof the
aerodynamiccoef� cients can be interpreted as command error.31,32

As long as these uncertainties are bounded, the system can always
be robustly controlled.

In the next section, it is shown that a mixed H2/ H1 gain schedul-
ing controller, designed based on the estimated aircraft coef� cients
has excellent performance. Furthermore, it is shown that the same
controllercan also control the actual system without uncertaintiesin
its aerodynamiccoef� cients.There is an example in the next section
to illustrate the theory.

IV. Results and Comparisons
A. Illustration

In this section, a large commercial airplane is used to illustrate
the theory. The detailed geometric characteristics of this aircraft
can be found in Refs. 26 and 33. Table 1 shows the inertial and
the atmospheric conditions used in the current study.26,34 Based on
thesedata, the state equationsfor the longitudinalmotion at different
Mach numbers can be estimated as follows.
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Table 1 General information for the airplane34

Variable Values

Weight 160,000 lb
Inertia 3.0 £ 106 slug/ft2

Air density 0.001268 slug/ft3

CD0 0.017
Cm0 0.0
CmT0

0.0
Wing mean geometric chord 16.52 ft
Steady-state initial altitude 2.5 deg
Speed of sound at 20,000 ft 1,030 ft/s
Oswald’s ef� ciency factor 0.9
K c/ 2 28 deg
Length overall 153.17 ft

1. M1 D 0.75

AM1 D 0.75 D
2

664

¡0.0117 ¡32.1694 0.01874 0

0 0 0 1

¡0.1351 ¡1.3847 ¡0.9046 754.4429

1.1874 £ 10¡6 1.2175 £ 10¡5 ¡0.0060 ¡0.6888

3

775

B1M1 D 0.75 D

2

664

¡0.0117 0.0187 0

0 0 1

¡0.1350 ¡0.9046 754.4429

1.1874 £ 10¡6 ¡0.0060 ¡0.6888

3

775

B2M1 D 0.75 D

2

664

0

0

¡52.2618

¡4.5570

3

775

C1M1 D 0.75 D [¡0.1370 0 ¡0.9175 ¡3.4110]

C2M1 D 0.75 D [0 ¡1 1 0]

D12M1 D 0.75 D ¡30.2252, D21M1 D 0.75 D 1

2. M1 D 0.65

AM1 D 0.65 D
2

664

¡0.0119 ¡32.1694 0.0232 0

0 0 0 1

¡0.1295 ¡1.3847 ¡0.7374 654.1081

1.0908 £ 10¡6 1.1659 £ 10¡5 ¡0.0049 ¡0.5716

3

775

B1M1 D 0.65 D

2

664

¡0.0119 0.0232 0

0 0 1

¡0.1295 ¡0.7374 ¡654.1081

1.0975 £ 10¡6 ¡0.0049 ¡0.5716

3

775

B2M1 D 0.65 D

2

664

0

0

¡39.2544

¡3.5244

3

775

C1M1 D 0.65 D [¡0.1314 0 ¡0.7479 ¡2.8309]

C2M1 D 0.65 D [0 ¡1 1 0]

D12M1 D 0.65 D ¡22.1944, D21M1 D 0.65 D 1

Fig. 2 Initial response of the open-loop and closed-loop horizontal air-
speed for M1 = 0.75.

3. M1 D 0.55

AM1 D 0.55 D
2

664

¡0.01291 ¡32.1694 0.0287 0

0 0 0 1

¡0.1364 ¡1.3847 ¡0.5952 553.6394

1.1104 £ 10¡6 1.2726 £ 10¡5 ¡0.0040 ¡0.4677

3

775

B1M1 D 0.55 D

2

664

¡0.0129 0.0287 0

0 0 1

¡0.1364 ¡0.5952 ¡553.6394

1.1104 £ 10¡6 ¡0.0040 ¡0.4677

3

775

B2M1 D 0.55 D

2

664

0

0

¡28.1052

¡2.5962

3

775

C1M1 D 0.55 D [¡0.1384 0 ¡0.6037 ¡2.3160]

C2M1 D 0.55 D [0 ¡1 1 0]

D12M1 D 0.55 D ¡15.5270, D21M1 D 0.55 D 1

The stability and control derivatives used for these equations were
estimated using the methods of Refs. 25, 26, 28, and 36, as outlined
in the Appendix. Although these equations are computed for three
discrete Mach numbers, in practice, they will change continually
depending on the � ight Mach number.

For M1 D 0.75, the initialresponseof the open-loopsystem with-
out any disturbanceand control is comparedwith that of the closed-
loop system in Fig. 2. The initial conditions imposed in this case
were

x0 D [10 ft/ s 0 0 5 deg]T

As seen in Fig. 2, the horizontalairspeedof the open-loop system
oscillates for more than 500 s. However, the closed-loop horizon-
tal velocity is damped out in approximately 150 s. Comparison of
the two responses also shows that the frequency of this parameter
remains unaffected by this control scheme. Therefore, effectively,
the H2/ H1 composite controller has only changed the real parts of
the system eigenvalues.Figure 3 shows the time history of angle of
attack and climb angle for the open-loop and closed-loop systems.
It is obvious that the frequency of the response has changed mini-
mally, while the controlledresponsewas damped out slightly faster.
Both the open-loop and the closed-loopeigenvalues corresponding
to the preceding cases are

k c D
¡1.2918 § 2.4680i

¡0.0306 § 0.0760i
and k o D

¡0.8040 § 2.1454i

¡0.0044 § 0.0709i
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Table 2 Solutions of the composite control gain and slow and fast � lter gains

M1 D 0.45 M1 D 0.55 M1 D 0.65 M1 D 0.75

Ms [¡0.00023 0.2235] [¡0.00016 0.1591] [¡0.00012 0.123] [¡0.000098 0.1035]
M f [0.0005 0.3241] [0.00044 0.2754] [0.0004 0.2431] [0.00038 0.2211]
Ls [¡0.9955 8.0780]T [¡0.9964 8.0805]T [¡0.9967 8.0780]T [¡0.9968 8.0789]T

L f [¡0.0333 ¡0.3320]T [¡0.0312 ¡0.5688]T [¡0.0325 ¡1.1561]T [¡0.0426 ¡4.0613]T

Ks [¡0.00011 0.1386] [¡0.000078 0.1129] [¡0.000059 0.0873] [¡0.00005 0.0734]

Fig. 3 Initial response of the open-loop and closed-loop climb angles
° and angles of attack ® for M 1 = 0:75:

Fig. 4 Time histories of the mixed H2 /H 1 composite controller ±e for
M 1 = 0.75.

One can verify that the imaginary parts are not much different for
both systems, whereas the magnitude of the real parts of the con-
trolled system are larger than those of the open-loop system. The
time history of the control input used in these cases is shown in
Fig. 4. It is quite evident that the control surface de� ection and its
rate computedby the H2/ H1 composite controllerare quite reason-
able and well within reach. Similar solutionswere obtained at other
Mach numbers as well.

The composite controlgains computedfor severalMach numbers
are shown in Table 2. Note that all Riccati solutions are symmetric,
positive semide� nite. The value of c ¤ for all four cases is � xed
at 30.

B. Comparison with a Pure H 1 Controller
In this section,a pure H1 methodapplied to the full-ordersystem

is compared with the mixed H2/ H1 composite controller for the
preceding example. The standard H1 controller used here is that of
Ref. 9. The transfer function of the state model of the aircraft used
for the H1 controlleris from Eq. (11). Performancesof the pure H1
and the composite H2/ H1 controllersare compared in Figs. 5 and 6
for a Mach numberof 0.65.The correspondingcontrol time histories
are shown in Fig 7. From Figs. 5 and 6, it is evident that for this
example the standard H1 controller produces acceptable closed-
loop performance.However, examinationof the results shown here
indicatesthat this H1 method results in unreasonablyhigh damping
for the fast mode with insuf� cient damping for the slow mode. The

Fig. 5 Horizontal airspeeds using H 1 and H2 /H 1 composite con-
trollers for M 1 = 0:65.

Fig. 6 Climb angles and angles of attack using H 1 and H2 /H 1 com-
posite controllers for M 1 = 0:65:

closed-loop eigenvalues for the preceding system using this H1
controller are as follows:

k c D
¡10.8434 § 4.4891i

¡0.0084 § 0.0176i

Comparing these values with those of Table 2, it is evident that the
fast mode moves far away to the left of the complex plane, and the
slow mode shifts a little closer to the imaginary axis. Furthermore,
inspection of Fig. 7 reveals that pure H1 control requires a much
larger rate of control input than does the H2/ H1 technique. This
behavior is due to the high gain associated with the H1 method.
The combination matrices of the control and exogenous matrices,
given by the terms in the brackets in the Riccati equations (35) and
(36) are not positive.This causes the eigenvaluesof the closed-loop
system to be shifted apart. This means one set of eigenvalues will
shift away from the imaginary axis, while the other set will become
closer to it. This problem has been discussed in detail in Ref. 35.

C. Compared to the Real Model
In this section, the mixed H2/ H1 composite controller con-

structed from the estimated model is compared with the same
method obtained from the actual aircraft. The aerodynamic coef-
� cients of the actual model of the aircraft for M1 D 0.55 at altitude
20,000 ft are shown in Table 3 (Ref. 26). Using these data, the
coef� cients of equation of motion become
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Fig. 7 Time histories of the H1 and H2/H 1 composite controllers for
M 1 = 0:65:

Fig. 8 Estimated and real horizontal airspeed for M1 = 0.55, using
the estimated and actual mixed H2 /H 1 composite controllers.

Ar D

2

64

¡0.0066 ¡32.1694 ¡0.0144 0
0 0 0 1.0000

¡0.1114 ¡5.8271 ¡0.6970 543.2224

0.0006 ¡0.4486 ¡0.0065 ¡1.4398

3

75

Br 1 D

2

664

¡0.0066 ¡0.0144 0
0 0 1

¡0.1114 ¡0.6970 543.2224

0.0006 ¡0.0065 ¡1.4398

3

775

Br 2 D

2

664

0

0

¡27.7967

¡2.8146

3

775

Cr1 D [¡0.1184 0 ¡0.6908 ¡3.4697]

Cr2 D [0 1 0 ¡1], Dr 12 D ¡14.0968

Dr21 D 1.0, Dr 11 D Dr22 D 0

where the subscript r refers to the actual model. The responses of
the closed-loop systems with the same initial conditions are shown
in Figs. 8 and 9, whereas the time history of the control input is
presented in Fig. 10. From Figs. 8 and 9, it is obvious that the con-
troller based on estimated coef� cients performs as well as the one
based on the exact coef� cients. The reason for the close agreement
between two responses is that the estimated model is very close to
the actualmodel. However, note that unlike for the estimated model,
the exact aerodynamic coef� cients are not necessarily available at
all Mach numbers. This fact can considerably complicate the task
of gain scheduling. Furthermore, the uncertainties of the estimated
model have been recovered by the H1 control method.

Table 3 Coef� cients for the actual model at M1 = 0.55

Lift coef� cients Drag coef� cients Moment coef� cients

CL1 D 0.460 CD1 D 0.021 Cm1 D 0
CL a D 5.6 CD a D 0.58 Cm a D ¡1.5
CL Pa D 7.5 CD Pa D 0 Cm Pa D ¡1.55
CLq D 8.4 CDq D 0.0 Cmq D ¡23.5
CLu D 0.038 CDu D 0 Cmu D 0
CL d e D 0.405 CD d e D 0 Cm d e D ¡1.48

Fig. 9 Climb angles and angles of attack for M1 = 0.55, using actual
and estimated composite controllers.

Fig. 10 Time histories of the real and estimated mixed H2/H 1 com-
posite controllers for M 1 = 0.55 using the actual model.

V. Conclusion
The equationsfor amixed H2/ H1 gain-scheduledcontrollerwere

formulated. The utility of the method was illustratedby its applica-
tion to longitudinal equations of motion of an aircraft over a range
of subsonic Mach numbers. The singular perturbation method was
used to decouplethe fast and the slow modesof motion.The H2/ H1
optimal control method was applied to the phugoid mode, whereas
the H1 method was employed for the short period mode. The two
schemes were then combined to form the mixed H2/ H1 controller.
The compositecontrollerwas developedbasedon estimatedaerody-
namic coef� cients of an example aircraft. Differences between the
estimatesand the actual valueswere treated as system uncertainties.
It was shown that this scheme can provide superior control at � ight
Mach numbers as high as 0.75.

This control scheme was also compared with one based on the
pure H1 method with the same value of disturbance attenuation. It
was shown that the H1 controller can provide acceptable perfor-
mance either for the fast mode or for the slow mode but not for both
simultaneously.

Finally, it was demonstrated that the H2/ H1 controller based
on the estimated aerodynamic coef� cients can recover the system
uncertainties.This was illustratedthroughcomparingthis controller
with one based on the actual aerodynamic coef� cients.

In everycase, the describedmethod provedcapableof controlling
both the fast and the slow modes of motion with acceptable inputs.
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Appendix: Estimating the Aerodynamic
Coef� cients and Derivatives

Table A1 Lift and drag aerodynamic coef� cients and derivatives

Reference Equation

26 CL D W / OqS

26 CL a D CL a w
C CL a H

25 and 26 (CL a )w D 2p AR

2 C (AR2 b 2 / j 2) 1 C tan2 K c/ 2 / b 2 C 4

25 CZ a D ¡ CL a C CD0

28 CZu D ¡ M1
¶ CL

¶ M1
C 2CL0

25 CZ Pa D ¡2 CL a H
g VH

¶ e

¶ a
25 CZq D ¡2 CL a H

g VH

26 (CT )ss D (CD )ss

26 CD D CD0 C CL

p eAR

25 Cx a D
2CL0

p ARe
CL a

28 CXu D ¡2 CD0 C CL0 tan( c 0) ¡ M1
¶ CD

¶ M1
25 CX Pa and CXq are negligible

Table A2 Moment and control aerodynamic
coef� cients and derivatives

Reference Equation

26 Cm0 D 0

26 Cm a D CL a w
Xcg ¡ Xacw

¡CL a H
g H

SH

Sw

XacH ¡ Xcg 1 ¡
¶ e

¶ a

36
¶ e

¶ a
¼ 0.0349awb

k 0.3AR0.725

3 Nc
l 0
t

0.25

26 Cm a ¼ ¡CL a w
(Xac ¡ Xcg )

26 Cm Pa D ¡2CL a H
g H

SH

SW

XH

Nc
¶ e

¶ a

25 and 26 Cmq D ¡2.2CL a H
g H

SH

SW

X H

Nc

26 Cmu D M1
¶ Cm

¶ M1
D ¡M1CL1

g NXac

¶ M

25 CZ d e D ¡CL a H

SH

Sw
25 Cm d e D ¡CL a H

VH

25 CX d e
is negligible
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