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Mixed H,/H,, Method Suitable
for Gain Scheduled Aircraft Control

Shyh-Pyng Shue,* M. E. Sawan,” and Kamran Rokhsaz*
Wichita State University, Wichita, Kansas 67260-0044

The formulations of mixed H,/H gainscheduling control of aircraft in longitudinalmotion are developed. The
coefficients of a linear model of aircraft are estimated from the aircraft geometry. Based on flight Mach number,
gain scheduling is applied with the mixed H,/H . It is shown that the state equation of aircraft can be mathemat-
ically simplified to the standard mixed H>/H problem. The advantage of decoupling the aircraft system based
on phugoid (slow) and short period (fast) modes is to allow the slow model with its disturbance to be controlled
by the H, method, whereas the fast system with the fast disturbance is to be stabilized by the Hx technique. A
comparison of this method with the standard H. control is made using aircraft coefficients derived for a large
commercial airplane. It is shown that the current method will provide better performance for the given aircraft
while the condition on the disturbance attenuation is also satisfied. The actual model controlled by the estimated
controller and by the real controller is also discussed. It is shown that the estimated controller performs as well as
the controller derived from the actual model.

Nomenclature

state matrix of the aircraft system

control matrix

span of wing and horizontal tail

drag coefficient on zero angle of attack (AOA)
variation of drag coefficient with

respectto (w.r.t.) g, u, a, &

lift coefficient at zero AOA

variation of lift coefficient w.r.t. ¢, u, a, &

pitching moment coefficient for zero AOA
variation of pitching moment coefficient
w.rt. g, u, o, &

chord of wing and horizontal tail

output matrices

control matrices in the output

type of noise, [u, q, o,]

output noise

Oswald efficiency factor

exogenous input matrix

acceleration of gravity

Riccati domains for the H,, method
moment of inertia about the ¥ axis
identity matrix (2 x 2)

integer

performance index

control gain before computing composite
control

filter gains

control gains for composite control
dimensional variation of pitching moment
wrt. g, u, o, a, o, 0

Mach number

Riccati solution for the slow mode

pitch rate

disturbance in pitch rate

dynamic pressure

weight matrices
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Subscripts

f

8
r

s
Y,z

transfer function from d, to z,
steady-state airspeed

horizontal velocity

disturbance in the horizontal velocity

Sul S,

intensity of slow gust

intensity of gust of the horizontal velocity
weight of aircraft

system disturbance

locations of c.g. and A.C. w.r.t. wing and
tail, respectively; dimensional variation of
horizontal force w.r.t. u, o, 0, and ¢,
respectively

Riccati solutions for the H,, method
system state vector, [u 0 a ¢]”

initial condition of the system response
measurement output

dimensional variation of vertical

force w.rt. g, a, S,, 0

performance output

AOA

J( = M)

flight climb angle

steady-state climb angle

minimum value of the disturbance attenuation
control input (elevator)

singular value

estimated fast state

dynamic pressure ratio at the horizontal tail,
éH/éw

pitch angle

ratio of actual lift curve slope to 27

sweep angle

taper ratio

eigenvalues of the slow and fast modes and
closed-loop and open-loop systems

1 —(Za Uy)

estimated slow state

fast mode time scale

fast mode

coefficient for gust
coefficient for the real model
slow mode

output
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I. Introduction

PTIMAL control methods have been studied extensively since

the matrix differential Riccati equation was found for the op-
timal control system in Ref. 1. Thereafter, the Kalman filter theory
was well developed? Combining both methods applies to systems
having the full state vector available with active noise, which is as-
sumed to be white, zero mean, and Gaussian. This method is known
as the linear quadratic Gaussian (LQG) method, also named the H,
method.>* In this technique, a quadratic performance index is min-
imized to find the associated optimal controller. The LQG method
provides excellent performance because the error between the state
vector and the estimated state variable is always asymptotically sta-
ble, while minimizing a quadratic energy function?

The formulation of the H,, method for the stochastic linear sys-
tem appeared in the early 1980s.> One of the first texts® related to
the H,, method was publishedin 1987. The H,, method using state
feedback was further developed in Refs. 7 and 8. In these two pa-
pers, the H,, control of a stochastic system using state feedback is
shown to require satisfying an algebraic Riccati equation. The H,,
method using output feedback was presentedin Ref. 9, in which two
Riccati equations were developed and the necessary conditions for
robustness were also specified.

In the H,, method, three types of noise are considered: the com-
mand error, the system disturbance, and the output error. All three
disturbances are considered as the exogenous inputs. As long as
the Euclidean norm of the transfer function from the performance
output to the system disturbance, denoted as || 73, ||, is minimized,
the system is stabilized and will be robustly controlled ® The mini-
mum value of this norm results in the closed-loop poles being very
close to the imaginary axis. Using the minimum value will result
in sacrificing the performance in favor of robustness. The mixed
H,/ H,, method helps to alleviate this problem. Several of the most
important works in this area are in Refs. 10-12. In Ref. 11, it is
shown that the stochastic system can be robustly controlled by the
H,/ H,, performanceevenif the differenttypes of noise are causally
dependent. Reference 12 showed that a system of this type can be
optimally controlled by the mixed H,/ H,, controller. Based on this,
H,, H,,, and mixed H,/ H,, controllers have been extensively ap-
plied to aircraft control.!3~16

Gainschedulingcontrol of an aircraftis necessary because the air-
craft stability can vary significantly depending on the flight regime.
The stability and control derivatives of an aircraft are strongly af-
fected by the airspeed, air density, location of the center of gravity,
etc. In addition, gust standard deviation is also dependent on alti-
tude. References 17-20 contain examples of gain scheduling and
H,, optimal control of aircraft and missiles. Usually, such gain
scheduling is made dependent on the airspeed. A small range of
altitudes is assumed so that the changes of the coefficients of air-
craftare bounded. This allows the system to be controlledby the H,
optimal gain scheduling controller. Furthermore, an aircraft model
has been shown to be a singularly perturbed system both in longi-
tudinal and lateral motions 2! The disturbancesin the state equation
of an aircraft model can be classified as fast and slow disturbances,
if the model is separatedinto two subsystems using the phugoid and
short period modes. Consequently, the aircraft can be controlled by
a composite controller using the H,, method.?? The H,, optimal
control for singularly perturbed systems can be achieved in two sit-
uations: one is called the perfect state measurement,?® and the other
is called the imperfect state measurement?* Reducing the aircraft
system to two subsystems allows the design to be focused on each
of the reduced subsystems. In this fashion, the system will have two
penalty performances,one for each subsystem. This allows the slow
mode and fast mode to be controlled separately. Because of this ar-
rangement, the system performance is improved substantially, and
the disturbance attenuation of the system for the H,, norm is also
satisfied.

For a fixed altitude and c.g. location, the coefficients of the lin-
ear aircraft depend on the geometry and Mach number. For sub-
sonic Mach number, i.e., less than 0.75, these coefficients can be
estimated using the expressions given in Ref. 25. The differences
between the estimated and the actual model constitute the bounded
uncertainties built into the H,, controller. Therefore, the estimated

controller computed by the mixed H,/ H,, method can replace that
based on the aircraft system without any degradation in perfor-
mance.

Concepts from all of the cited methods, which are the H,, H.,
mixed H,/ H,,, singular perturbation, gain scheduling, and esti-
mated aircraft coefficient, will be used for designing the mixed
H,/ H,, gain scheduling composite controller for an aircraft lon-
gitudinal motion. The linear model used will be based on the esti-
mated aircraft coefficients. It will be shown that the slow phugoid
mode and the fast short period mode will be controlled by the H,
and the H,, techniques, respectively. Unlike the standard H,/ H,,
problem, the current method creates a mixed controller result-
ing in better performance while satisfying the disturbance con-
dition. The gain scheduling employed here is based on Mach
number.

The linear model of a large commercial airplane®® is employed to
illustrate the theory. Also at discrete Mach numbers, comparisons
are provided with the pure H,, method and with the controller from
the actual model.

II. Problem Statement

Consider the longitudinal motion of an aircraft linear model as
follows®’:

qu, q=M14u+Maa+qu+Mee+M@5€
u=X,u+ Xqoo0—gcosyb+ Xs06, 1)
a=Zu+Za+Zq+ 7250,
where

Mu :(Mu +szu)9 Ma :(Mw—'_Mu'va)UO

Mq =M, +UM,;), My = —gM, siny,

~ sin
M;, = (M5, + M, Zs,), z; =200
q = s u UO’ a a0
4 _ 2 e, Za
¥ Uy T

From Refs. 26-28, the effect of gusts on the longitudinal motion of
the aircraft can be given as follows:

u=u-+ug, q=4q+4qg, a=a+ta (2)
Note that the disturbancesin the pitch angle is indirectly computed
from the pitch rate. From Ref. 27, the performance output variable
of interest is

Z1 =da; = (Zu - lxMu)u + (Zw - lxMw)UOa
— 1My + (Zs, — 1, M5,)5, 3)

The measured output is
y:y:@—a+d2 )

In this case, the disturbanced; = [u, g, @,]" and the output noise
d, are independent. Knowing that the phugoid mode is predomi-
nantly oscillatory in # and 6, while the short period mode is com-
posed of variationin ¢ and «, Egs. (1-4) can be arranged as
x = Ax + B, + B4, 721 = Cix + Dyd, + D\,6,
(5)
y= sz + Dz]dz + D225€
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with

|_Xu —gcosyy X,/ U, O—|

A 0 0 0 1 ©)
- Z Zy z Z:;
Mu MG Ma Mq
X, XJU, O X5,
0 0 1 B 0
B, = z oz oz | 2= 22 (M
Mu Ma Mq Mé}
Cl = [(Zu - lxMu) 0 (Zw - lxMw) _lqu]
®
C,=[0 1 —1 0]
Dy, = (25 — 1.My), Dy =1 ©)

Note that D, and D,, are zeros here. This implies that the assump-
tions of the standard H,/ H,, problem in Ref. 9 are reasonable.
Furthermore, D, Dy, and D,; D], are nonsingular. Therefore, the
transfer function of the system can be written as

A B, B, ‘|

Gs)={C, 0 D (10)
LCZ D21 O

Note that the form of this transfer function is very close to that

of Ref. 9. Therefore, the following assumptions are needed for the

system to result in a feasible solution: 1) (A, B)) and (A, B,) are

stabilizable, 2) (A, C)) and (A, C,) are detectable, 3) D], D, =
R, > 0,and4) DI D, = R, > 0.

III. Methodology

In this section, the aircraftsystemis decoupled using the phugoid
and short period modes. The H, method is applied for controlling
the phugoidsystem with the disturbanceu,,, and the H, techniqueis
used for stabilizing the short period model with the disturbancesg,
and a,. The composite controlleris computed from these two gains.
Note that because of large differences between the two modes, nei-
ther the standard H,, nor the standard mixed H,/ H,, can control
the system with reasonableperformance. However, the arrangement
results in better performance because a performance index is mini-
mized while satisfying the disturbance attenuation.

A. Singular Perturbation Method
From the aircraftmodel shown in Eq. (5), the following singularly
perturbed system can be established:

X, =Anx, +Apx, + Byw + By, 6,
SX.,'Z = A21x1 + Aszz + B12W + Bzzée (1])

21 = Cuxy + Ciaxy + D6, y=Cx, + Cpx, + Dyd
where x| = [u, 6], x, = [, g], and ¢ is a small positive parameter
calculated from the slow and fast eigenvalues defined as follows:

/L2
£= — (12)
\ | ;= 1A |
The method of computing the singular value ¢ is useful for any sys-
tems having eigenvalues that are different by orders of magnitude.
Contrary to Ref. 22, this method can be used even for a system with
pure real eigenvalues for the fast mode. Note that the coefficient
matrices of Eq. (11) now become

X, —gcosy XUy O
A = , Ay = 13
B I L

VARV VAR A
Ay =c¢ ! ~ |, Ap=¢| ~ 1 (14)
Mu MG Ma Mq
X, XUy 0 zr z: Zr
B — u a B — u ~0£ K 1
11 |:O 0 1i|, 12 5|:Mu M, M, (15)

Xs, VA
=" By =¢| %
By, |: 0 i|, 22 5|:M6‘:| (16)

Cll = [(Zu - lxMu) O], C12 = [(Zw _lxMw) _lqu]
a7

Cy=[0 1], Cyp=[1 0]

Note that D, and D, are unchanged.

B. Mixed H>/H,, Composite Controller
1.  Hp Method for the Slow Mode

To obtain the slow mode, setting ¢ = 0, x, can be determined
(denoted as x,, ) as follows:

X, = —AY (Azlxx + Biow, + B225e‘) (18)

The slow subsystem can be obtained by substituting Eq. (18) back
into Eq. (11) as follows:

i‘x = onA\- + Gowx + Bgée‘
Gi(s) = 1z = Cox, + D, 4, (19)
Ys = COxA\' + DOdA\' + Ewa

where

Ay =Ay —A12A;21A21, By = By, —A12A;21322
1 (20)
Gy= B, — A,A, By,

C,=Cy — C12A;21A21, D; = Dy, — C12A;21 By, (21)

Cy=Cy — C22A;21A21, Dy = Dy, — C22A;21 B,

(22)
Ey= —szAz}‘ B,

Note that the slow subsystemmay contain a noise term in the control
output z; and a control input term in the measured output y,. As in
Ref. 29, these terms are assumed to be zero. In addition, the slow
filter is shown as follows:

H(s) = {& = Ao& + Bod,, + Li(y: — Co8) (23)

where L is the filter gain. The objective of this method is to control
the slow mode by the H, method by minimizing the following cost
function:

L[>, .
J,=E [E / [x'cTCx, + 8. DI D8, }dti| (24)
0

where E[ ] denotes the expected value of the interpolated function.
Note that Df D; is invertible and positive. The optimal controller
can be found based on the given cost function as

&, =-K&=—(D'D,) 'BIP¢ (25)
where P; is the solution of the following algebraic Riccati:
Ay P+ P;Ag+ CI'C, — P,By(D! DA\.)fl BIP, =0 (26

The estimated slow state & is computed from the slow filter design
(23), which depends on the intensity of the disturbance. Assume that
the intensity of the original state disturbance can also be separated
into a slow and a fast mode. This assumption results in

Vi=V, @27

The noise densities of the slow mode for the measured output is
assumed to be given by the identity matrix.
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The slow Kalman filter designis used to find a Kalman filter gain
L, such that the following Kalman observer is always stable:

€ = Ao& + Bod,, + Ly(y, — Cof) (28)
where
L, = (Q.C] + GoEg ) (Vi)™ (29)
Note that Q; is the solution of the following Riccati equation:

AO QA\' + Q\Aé + ‘/u - Q\Cé VFICO QA\' =0 (30)

2. Hy Technique for the Fast Mode
Settingx; =x; —x2,, 8, =68 — &, wy =w —wg, andy; =
y —Y,, then the fast mode can be obtained as
exy = Anx; + Bpwy + Bnd,
Gs(s) =z =Csx;+ D;§, (3D
Yr = CyXf + Dyd
Here the fast mode time derivative is with respectto v =t —t/ &
where t’ varies at the same rate as ¢/ €. Note that 7 is considered to be

frozen for the fastmode. The H, filter for the fast mode is designed
as

F(s)={{=AnC+Bnd, + Ly, —C,0)  (32)

where L is the H, filter gain.

The disturbance attenuation y* of the H,, control for the fast
mode is prescribed and is computed from the full model. To ensure
the controlled system is stable, the value of y* is chosen very con-
servatively, making the controller suboptimal. Using this value, the
Riccati solutions for the fast mode are associated with the following

Hamiltonian matrices: X, € dom(H,,), where

A B, (DD,;) BT, — By,(DTD,) " B
H. — 22 Y 12( f f) 12— 22( f f) 22
—C;Cf —AD

(33)
and Y, € dom(J,), where
. 2T =1 o =1
I :[ AL - rel(pD]) s - cl(D,D)) cy}
—B12B1’2 —Ayp
(34)

The Riccati equations corresponding to the preceding two Hamil-
tonian matrices are described as follows:

XAy +ApX +CLCp + X
x [y 2B (DTD,) Bl — By (DT D) 'BL]X =0 (35)
Yoo AL + ApYy + BBl + Yo,
x [y2c?(p,07) "¢, —cT(D, D7) 'C,]Yu =0  (36)
Note that y* must be selected to satisfy the following constraint:

P(X i) < 77 37

Therefore, the Hy, controller and the exogenous input for the fast
mode are

5, = K,¢=-(0iD,)"

B X ol
1 (38)
w;=—(DID;)" B[,Xs(
where the estimated state ¢ for the fast system is calculated from
the H,, filter described in Eq. (32). Furthermore, the H,, filter gain
of Eq. (32) is
Ly =-2.Y.C"(D,D7)" (39)
where

Zoo=(1— 7" Xu¥a) (40)

d

L G(s) 71
5, »- P

O L
5 i 5es
s
¢
‘Mf F(s) |-

Fig.1 Block diagram for the mixed H,/Hx composite controller.

3. Composite Controller
Because the preceding formulation is for the two independent
subsystemes, it is necessary to combine both controllers as follows:

5,=6,+48, =—K&—KC (41)

From Ref. 30, the composite controller is

8 =Mx,+ Mx, (42)

where
M, = —(I, — K; A7) Bp) K, — K A} Ay (43)
M;=-K,; (44)

The control diagram for the composite controlleris shownin Fig. 1.

C. Gain Scheduling Based on Mach Number

The equations used for estimating the aerodynamic coefficients
and derivativesof the aircraftare givenin the Appendix. The values
of these parameters change with Mach number, changing the con-
trol gains. Only subsonic flight is considered, and the Mach num-
bers are varied from M, = 0.45 to 0.75. These flight conditions
are assumed to be steady state and are used for gain scheduling. As
shownin Ref. 26, the aerodynamiccoefficients of the aircraftchange
slightly in this range of Mach numbers. Altitude is assumed to be
constant, and only longitudinal motion is considered. Therefore,
the linear model of the aircraftis assumed to depend only on Mach
number. Consequently, every coefficientin Egs. (9) and (31) varies
with Mach number. This results in variations in the controller gains
K, and K, and, therefore, implicit dependence of the controller
6, on flight Mach number. Furthermore, inasmuch as the aerody-
namic coefficients change slightly in the subsonic flight regime, the
uncertainties in the system coefficients remain bounded. Note that
determination of the controlleris independentof the real system as
long as Mach number is known. Recall that the H,, method allows
for three types of noise: the command error, the system disturbance,
and the measurementoutputerror. The bounded uncertaintiesof the
aerodynamic coefficients can be interpreted as command error.!-3?
As long as these uncertainties are bounded, the system can always
be robustly controlled.

In the next section, itis shown that a mixed H,/ H,, gain schedul-
ing controller, designed based on the estimated aircraft coefficients
has excellent performance. Furthermore, it is shown that the same
controllercan also control the actual system without uncertaintiesin
its aerodynamiccoefficients. Thereis an example in the next section
to illustrate the theory.

IV. Results and Comparisons

A. Illustration

In this section, a large commercial airplane is used to illustrate
the theory. The detailed geometric characteristics of this aircraft
can be found in Refs. 26 and 33. Table 1 shows the inertial and
the atmospheric conditions used in the current study.?®34 Based on
these data, the state equations for the longitudinal motion at different
Mach numbers can be estimated as follows.
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Table1 General information for the airplane®* 10
Variable Values \\ JEE
51 A
Weight 160,0001b |
Inertia 3.0 x 106 slug/fi? i / '- /o S
Air density 0.001268 slug/ft> —~ ol L . ‘ :
Cpy 0.017 s N\
Cingy 0.0 g k"'». .“"J x“- ~
Cor, 0.0 2 shed Yo e
Wing mean geometric chord 16.52 ft
Steady-state initial altitude 2.5 deg
Speed of sound at 20,000 ft 1,030 ft/s 10 Closed Loop
Oswald’s efficiency factor 0.9 Open Loop
/\(./2 28 deg
Length overall 153.17 ft -15 - :
0 50 100 150 200 250 300
Time (sec)
Fig.2 Initial response of the open-loop and closed-loop horizontal air-
1. Mo =075 speed for Mo =0.75.
Apos =075 = 3. My =055
—-0.0117 —32.1694 0.01874 0 _
Ay =0.55 =
0 0 0 1
~0.1351 —1.3847  —0.9046 754.4429 |_ —0.01291 —32.1694  0.0287 0
1.1874 x 10°°  1.2175x 105 —0.0060 —0.6888 0 0 0 1
—0.1364 —1.3847 —0.5952 553.6394J
|‘ —0.0117 0.0187 0 ‘| 1.1104 x 107 1.2726 x 1075 —0.0040 —0.4677
B, _ 0 0 ! ~0.0129  0.0287 0
Moo =075 —0.1350 —0.9046 754.4429 0 0 1
-6 _ _ B =
11874 x 1070 —0.0060 —0.6888 o =05 o364 —0.595 _553'6394J
|- 0 —| 1.1104 x 10°®  —0.0040 —0.4677
B, = 0 0
Moo =073 —52.2618 0
_ B =
4.5570 Moo =055 —28.1052
Ciy e =[=0.1370 0 —0.9175 —3.4110] —2.5962
Coy s =10 =1 1 0] Ciy—oss = [—0.1384 0 —0.6037 —2.3160]
Diry g5 = —30.2252,  Dayp o =1 Copposs =10 —1 1 0]
Dleoc:()ASS = _155270, DZlMoc —0.55 = 1
2. My =0.65
The stability and control derivatives used for these equations were
Ave —065 = estimated using the methods of Refs. 25, 26, 28, and 36, as outlined
o= in the Appendix. Although these equations are computed for three
—0.0119 —32.1694 0.0232 0 discrete Mach numbers, in practice, they will change continually
|_ 0 0 0 1 —| depending on the flight Mach number.
For M, = 0.75, theinitialresponseof the open-loopsystem with-
—0.1295 —1.3847 —0.7374  654.1081 out any disturbanceand controlis compared with that of the closed-
1.0908 x 107% 1.1659 x 1075 —0.0049 —0.5716 loop system in Fig. 2. The initial conditions imposed in this case
were
—0.0119 0.0232 0 xo =[10ft/s O 0 Sdeg]”
_ 0 0 1 Asseenin Fig. 2, the horizontal airspeed of the open-loop system
B, = g
Moo =065 —0.1295 —0.7374 —654.1081 oscillates for more than 500s. However, the closed-loop horizon-
1.0975 x 10-¢ —0.0049 —0.5716 tal velocity is damped out in approximately 150s. Comparison of
the two responses also shows that the frequency of this parameter
0 remains unaffected by this control scheme. Therefore, effectively,
|_ —| the H,/ H,, composite controller has only changed the real parts of
0 . . . .
By s = the system eigenvalues. Figure 3 shows the time history of angle of
= —39.2544 attack and climb angle for the open-loop and closed-loop systems.
—3.5244 It is obvious that the frequency of the response has changed mini-

mally, while the controlledresponse was damped out slightly faster.

Ciy oo = [—0.1314 0 —0.7479 —2.8309] Both the open-loop and the closed-loopeigenvalues corresponding
= to the preceding cases are

Cops—oss =0 =1 1 0]

Digy _oes = —22.1944, Diiy _oes =1

[~1.2918+ 2.4680i _[~0.8040 % 2.1454i
“ T 1-0.0306+0.0760i "¢ " T 1-0.0044 £ 0.0709i
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Table 2 Solutions of the composite control gain and slow and fast filter gains

My =0.45 My =0.55 My = 0.65 My =0.75

My [—0.00023 0.2235] [-0.00016 0.1591] [-0.00012 0.123] [—0.000098 0.1035]
My [0.0005 0.3241] [0.00044 0.2754] [0.0004 0.2431] [0.00038 0.2211]
Ly [—-0.9955 8.0780]" [—0.9964 8.0805]" [-0.9967 8.0780]" [-0.9968 8.0789]"
Ly [-0.0333 —0.3320]" [-0.0312 —0.5688]" [-0.0325 —1.1561] [—0.0426 —4.0613)
K, [—0.00011 0.1386] [—0.000078 0.1129] [—0.000059 0.0873] [—0.00005 0.0734]
3 12

a0

O

Z ———  H-infinity

K 8

g [TV S B B -— Composite

NN N - 0

-Q T - [3) :

g 2 !

5 - &

g Closed Loop A. O. A. 3 I

< Open Loop A. O. A. 0 ‘:‘ LN ~ —

o] —— Closed Loop Climb Angle ".' ," -

< - Open Loop Climb Angle '\\ /’l \/
-8 ; i i 4 ’
0 2 4 6 8 10 0 100 200 300 400 500

Time (sec) Time (sec)

Fig. 3 Initial response of the open-loop and closed-loop climb angles
~ and angles of attack o for Mo =0.75.

1.2

0.8

0.4

Elevator Deflection Angle (deg)

0.0 | \\/

2 4 6 8 10
Time (sec)

Fig.4 Time histories of the mixed H,/H composite controller J, for
My =0.75.

One can verify that the imaginary parts are not much different for
both systems, whereas the magnitude of the real parts of the con-
trolled system are larger than those of the open-loop system. The
time history of the control input used in these cases is shown in
Fig. 4. It is quite evident that the control surface deflection and its
rate computed by the H,/ H,, composite controllerare quite reason-
able and well within reach. Similar solutions were obtained at other
Mach numbers as well.

The composite control gains computed for several Mach numbers
are shown in Table 2. Note that all Riccati solutions are symmetric,
positive semidefinite. The value of y* for all four cases is fixed
at 30.

B. Comparison with a Pure Hx, Controller

In this section, a pure H,, method applied to the full-ordersystem
is compared with the mixed H,/ H,, composite controller for the
preceding example. The standard H, controller used here is that of
Ref. 9. The transfer function of the state model of the aircraft used
for the H,, controlleris from Eq. (11). Performancesof the pure H,
and the composite H,/ H,, controllersare comparedin Figs. 5 and 6
for a Mach number of 0.65. The correspondingcontrol time histories
are shown in Fig 7. From Figs. 5 and 6, it is evident that for this
example the standard H,, controller produces acceptable closed-
loop performance. However, examination of the results shown here
indicatesthat this H,, methodresultsin unreasonablyhigh damping
for the fast mode with insufficient damping for the slow mode. The

Fig. 5 Horizontal airspeeds using H» and H,/H. composite con-
trollers for M = 0.65.
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Fig. 6 Climb angles and angles of attack using Hx and H>/Hx com-
posite controllers for Mo, = 0.65.

closed-loop eigenvalues for the preceding system using this H,
controller are as follows:

_ [—10.8434 +4.4891i
‘7 1-0.0084 + 0.0176i

Comparing these values with those of Table 2, it is evident that the
fast mode moves far away to the left of the complex plane, and the
slow mode shifts a little closer to the imaginary axis. Furthermore,
inspection of Fig. 7 reveals that pure H,, control requires a much
larger rate of control input than does the H,/ H,, technique. This
behavior is due to the high gain associated with the H,, method.
The combination matrices of the control and exogenous matrices,
given by the terms in the brackets in the Riccati equations (35) and
(36) are not positive. This causes the eigenvalues of the closed-loop
system to be shifted apart. This means one set of eigenvalues will
shift away from the imaginary axis, while the other set will become
closer to it. This problem has been discussed in detail in Ref. 35.

C. Compared to the Real Model

In this section, the mixed H,/ H,, composite controller con-
structed from the estimated model is compared with the same
method obtained from the actual aircraft. The aerodynamic coef-
ficients of the actual model of the aircraft for M, = 0.55 at altitude
20,000 ft are shown in Table 3 (Ref. 26). Using these data, the
coefficients of equation of motion become
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Fig.7 Time histories of the Ho and H,/H composite controllers for
M =0.65.
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Fig. 8 Estimated and real horizontal airspeed for M« = 0.55, using
the estimated and actual mixed H>/H» composite controllers.
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C = [0 10 _1], D, = —14.0968

Dr21 = 107 Drll = Dr22 = O

where the subscript r refers to the actual model. The responses of
the closed-loop systems with the same initial conditions are shown
in Figs. 8 and 9, whereas the time history of the control input is
presented in Fig. 10. From Figs. 8 and 9, it is obvious that the con-
troller based on estimated coefficients performs as well as the one
based on the exact coefficients. The reason for the close agreement
between two responses is that the estimated model is very close to
the actual model. However, note that unlike for the estimated model,
the exact aerodynamic coefficients are not necessarily available at
all Mach numbers. This fact can considerably complicate the task
of gain scheduling. Furthermore, the uncertainties of the estimated
model have been recovered by the H,,, control method.

Table 3 Coefficients for the actual model at M, = 0.55

Lift coefficients Drag coefficients Moment coefficients
Cr, = 0.460 Cp, =0.021 Cp, =0
Cr, =56 Cp, =0.58 Cp, =—15
Cr, =175 Cp, =0 Cp, =—1.55
Cp, =84 Cp, =0.0 Cp, = —23.5
Cp, =0.038 Cp, =0 Cp, =0
Cr, = 0.405 Cpse =0 Cns = —1.43
8 A. 0. A. (Actual)
@ -------------- A. O. A. (Esimated)
% 4 B e T Climb Angle (Actual)
%" ~ S— Climb Angle (Estimated)
= y
S |/
Ee)
% /
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©
<<
3 i i
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Fig.9 Climb angles and angles of attack for M. = 0.55, using actual
and estimated composite controllers.
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Fig. 10 Time histories of the real and estimated mixed H>/Hsx com-
posite controllers for M« = 0.55 using the actual model.

V. Conclusion

The equationsforamixed H,/ Hy, gain-scheduledcontrollerwere
formulated. The utility of the method was illustrated by its applica-
tion to longitudinal equations of motion of an aircraft over a range
of subsonic Mach numbers. The singular perturbation method was
used to decouplethe fastand the slow modes of motion. The H,/ H,,
optimal control method was applied to the phugoid mode, whereas
the H,, method was employed for the short period mode. The two
schemes were then combined to form the mixed H,/ H,, controller.
The compositecontroller was developedbased on estimated aerody-
namic coefficients of an example aircraft. Differences between the
estimates and the actual values were treated as system uncertainties.
It was shown that this scheme can provide superior control at flight
Mach numbers as high as 0.75.

This control scheme was also compared with one based on the
pure H,, method with the same value of disturbance attenuation. It
was shown that the H,, controller can provide acceptable perfor-
mance either for the fast mode or for the slow mode but not for both
simultaneously.

Finally, it was demonstrated that the H,/ H, controller based
on the estimated aerodynamic coefficients can recover the system
uncertainties. This was illustrated through comparing this controller
with one based on the actual aerodynamic coefficients.

Inevery case, the described method proved capable of controlling
both the fast and the slow modes of motion with acceptable inputs.
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Appendix: Estimating the Aerodynamic
Coefficients and Derivatives

Table A1 Lift and drag aerodynamic coefficients and derivatives

Reference Equation
26 CL=W/gS
26 Cr.=(Cr), + (L),
2m AR
25 and 26 (Cr)w =
2+ \/(ARZﬁZ/ )1+ (tan? Acjos p2)] +4
25 Cz, = —(CL, + Cp,)
oCy,
2 =—| Mogo—— +2C
8 Cz“ ( ooaMoo + L())
25 Cz, = -2(CL,), V. %
Zy = La H77 H oa
25 Czq :_Q(CL(x)HnVH
26 (Cr)ss = (Cp)ss
CL
26 Cp=C
p =00+t TOR
2Cy,
25 Cy, = Cr,
mARe
oCp
28 Cx, = —2[Cpy + Cry tan(y0) | — Moo e
25 Cy,, and Cy, are negligible
Table A2 Moment and control aerodynamic
coefficients and derivatives
Reference Equation
26 Cpy =0
26 Con = Cry, (Xee = Xac,,)
SH oe
_CL(,H UHS_w (XacH - Xcg) (1 - %)
4025
16 oe _ 0.0349ay,, | 3¢
da 03 AR0725 I
26 Ciny = —Cry, (Xac — Xeg)
Sy Xy 0
26 Cny = =2C,, MH—L L2
Sw ¢ Oa
25 and 26 C 220, quat X
an mg = — . _——
! ten TSy 2 _
0Cy, NXac
2 =M =_
6 Cona = Moo 507 S°°CL' oM
H
25 CZ(;B = _CL(xH S_w
25 Cing, = —Clo, VH
25 Cx,, is negligible
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